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We performed the renormalization group analysis of scalar models exhibiting sponta-
neous symmetry breaking. It is shown that an infrared fixed point appears in the broken
symmetric phase of the models, which induces a dynamical scale, that can be identified
with the correlation length. This enables one to identify the type of the phase transition
which shows similarity to the one appearing in the crossover scale. The critical exponent
ν of the correlation length also proved to be equal in the crossover and the infrared
scaling regimes.
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1. Introduction
The renormalization group (RG) method 1,2,3,4,5,6,7,8 is one of the best candidate
to take into account the degrees of freedom of a quantum field theoretical model
systematically. The method enables us to identify the fixed points of the models and
the scaling of the couplings in their vicinity which can give us the critical exponents
of the corresponding fixed point 9,10,11. The RG method is usually tested in 3-
dimensional (3d) O(N) scalar models, where a trivial Gaussian and a non-trivial
Wilson-Fisher (WF) fixed point exist. The calculation of the critical exponents of
the latter fixed point plays the test ground of all inventions in the RG method
9,12,13,14,15,16,17,18. The scaling of the correlation length ξ defines the exponent ν as
ξ ∝ t−ν , (1)
1
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with the reduced temperature t. There is a second order, Ising type phase transition
in the 3d O(1) model with exponent ν ≈ 0.63. The Kosterlitz-Thouless (KT) or
infinite order phase transition 19,20,21,22,23 is widely investigated too, furthermore
it gives a great challenge to recover the scaling of ξ according to
log ξ ∝ t−ν . (2)
A typical example for KT transition is presented by the sine-Gordon (SG) model
11,24,25,26,27,28,29,30,31,32,33 in two-dimensional (2d) Euclidean space, which belongs
to the same universality class as the 2d Coulomb gas and the 2d XY model. Fur-
thermore the SG model and its generalizations with compact variable have been
thoroughly investigated in the framework of integrable field theory 34,35,36.
The fixed points and the typical scaling of ξ in their vicinity as in Eq. (1) for the
3d O(N) and in Eq. (2) for the 2d SG models are located in the crossover region,
i.e. between the ultraviolet (UV) and infrared (IR) regimes. It has been argued 37
that there exists an IR fixed point in the 3d O(N) model at a finite momentum
scale, which can be uncovered by a genuine rescaling of the couplings around the
singularity point of the RG evolution, i.e. where the flows stop. Recently it has been
obtained that there exists a similar IR fixed point in the SG model, too 11. We note
that both IR fixed points belong to the spontaneous symmetry breaking phase of
the models.
We show in this letter that this IR fixed point is accompanied by the appearing
dynamical length scale. It is defined by the scale of the RG evolution, where the
flow equations become singular, and can be identified with the reciprocal of the
correlation length. This provides us a method to determine the exponent ν beyond
the crossover scaling regime in the vicinity of the IR fixed point, which accounts for
the scaling of ξ. In the case of the 3d O(1) model we obtain numerically that the
IR fixed point induced scaling gives the same exponent ν ≈ 0.63 that was obtained
in the vicinity of the WF fixed point 14,15. The 2d SG model possesses a KT-type
phase transition 11. There the reparametrization of the flow equation suggested the
existence of the IR fixed point for the Callan-Symanzik type IR regulator 38,39. Here
we show that the IR fixed point can be recovered from a general type of regulator,
furthermore the ξ, which is defined at the IR fixed point scales as the one defined
in the vicinity of the KT fixed point and, similarly to the 3d O(1) model, we get
the same exponent ν ≈ 1/2 in both scaling regimes.
The method is also applicable when there is no crossover fixed point, e.g. in the
bi-layer SG model 40,41,42,43, showing a greater flexibility and a more fundamental
nature of the method presented here.
2. Evolution equation
The Wetterich RG equation for the effective action is 44
Γ˙k =
1
2
Tr
R˙
R + Γ′′k
(3)
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where . = k∂k,
′ = ∂/∂ϕ and the trace Tr denotes the integration over all momenta.
Eq. (3) has been solved over the functional subspace defined by the ansatz
Γk =
∫
x
[
Zk
2
(∂µϕ)
2 + Vk
]
, (4)
with the O(1) symmetric or the periodic potential Vk and the wavefunction renor-
malization Zk, which constant part is z=Zk(ϕ=0). The polynomial IR regulator
has the form R = p2(k2/p2)b, with b ≥ 1. Eq. (3) leads to the evolution equations
for the couplings 1,2,3,4,5,6,7,8,12,13. The loop integral appearing in the RG equations
should be performed numerically when b 6= 1. The scale k covers the momentum
interval from the UV cutoff Λ to zero. Typically we set Λ = 1. If we introduce
k¯ = min(zp2 +R), the RG evolution becomes singular at k = kf when
k¯2 + V ′′k (ϕ = 0)
∣∣
k=kf
= 0, (5)
where k¯2 = bk2[z/(b − 1)]1−1/b, when b = 1, then k¯ = k. The solution of this
equation defines the scale at which the action becomes degenerate.
3. Ising type transition
For the 3d O(1) model the potential in Eq. (4) has the form
Vk =
n∑
i=1
g2i
(2i)!
ϕ2i, (6)
with the couplings g2i. One can take into account the evolution of the wave function
renormalization with similar ansatz for Zk as
Zk = z +
n∑
i=1
z2i
(2i)!
ϕ2i. (7)
We also use the normalized couplings defined as x¯ = x/k¯2, where x can be g2i, z, z2i.
The evolution equations for the couplings g¯2 and g¯4 with the choice b = 1 are
˙¯g2 = −2g¯2 − g¯4
8pi(1 + g¯2)1/2
,
˙¯g4 = −g¯4 + 3g¯
2
4
16pi(1 + g¯2)3/2
. (8)
The phase structure spanned by these couplings is plotted in Fig. 1. There is a
phase transition in the model, and the phase space contains two fixed points, that
can be easily identified from Eqs. (8). There is a trivial UV Gaussian fixed point at
the origin. The linearization of the flow equations in its vicinity give two negative
eigenvalues s1 = −1 and s2 = −2 showing that the UV fixed point is repulsive. The
Wilson-Fisher fixed point is a non-trivial one at the crossover scaling regime, and
it can be found at g¯∗WF2 = −1/4 and g¯∗WF4 =
√
12pi. The corresponding eigenval-
ues coming from the linearized flows are s1 = 4/3 and s2 = −2. Since the critical
exponent ν of the correlation length ξ is identified as the negative reciprocal of the
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single negative eigenvalue of the matrix coming from the linearization of the evolu-
tion equations, the latter eigenvalue gives ν = −1/s2 = 1/2. The approximation of
the model with two couplings makes the problem a mean field type one.
However one can easily recognize from the phase structure, that in the broken
symmetric phase the trajectories tend to a single point at g¯∗IR2 = −1 and g¯∗IR4 =
0. It corresponds to the universal effective potential of the form V˜0 = −ϕ2/2. It
suggests that this point is also a fixed point of the model, although this point
makes the flow equations in Eqs. (8) singular. By reparametrization of the couplings
according to ω = 1 + g¯2, χ = g¯4/ω and ∂τ = ω∂t one obtains
∂τω = 2ω(1− ω)− χω
8pi
,
∂τχ = −χ+ χ
2
4pi
. (9)
The reparametrized flow equations enable one to recover the Gaussian (ω∗G = 1,
χ∗G = 0), and the WF (ω∗WF = 3/4, χ∗WF = 4pi) fixed points, however another
one appears at ω∗IR = 0 and χ∗IR = 4pi. The latter can be identified with the
IR fixed point where the trajectories of the broken symmetric phase meet. The
corresponding eigenvalues are s1 = 1 and s2 = 3/2 expressing the attractive nature
of the IR fixed point.
If one considers the evolution of some couplings as the function of k, then one
obtains that they tend to infinity as k → 0. However if one plots their flows as the
function of k¯ then one gets that they blow up at a certain scale k¯f . It is demon-
strated in Fig. 2, where the coupling z is plotted. The other couplings also have
such singular behavior. The flows do not run into real singularity as the function of
k, and naturally the effective potential keeps its convexity 45. The scale k¯ can also
be considered as the momentum of the modes because it comes from transform-
ing the Euclidean propagator with the IR regulator into a dispersion relation-like
form as in Eq. (5) In the broken symmetric phase a huge amount of soft modes ap-
pear, where the dispersion relation gives infinitesimally small energies for the modes
characterized by the momentum k¯f . They create the appearing global condensate
of size 1/k¯f in this phase
46,47,48, which is sometimes called as spinodal instabil-
ity. This argument makes the assumption plausible that the correlation length ξ
can be identified with the reciprocal of the scale k¯f . We note that more precise
results can be obtained for the RG flows without Taylor expanding the potential
and the wavefunction renormalization 49,50. In this treatment one typically obtains
a marginal deep IR evolution, however a significant change in the flow also appears
at a certain scale k¯, and then this scale can be identified there by the reciprocal of
the correlation length.
To get the exponent ν, we fix the values of the UV couplings but g¯4Λ. At a certain
value of g¯4Λ we determine the scale k¯f , where the singularity appears during the
flows. By fine tuning the value of g¯4Λ to its critical UV value g¯
∗
4Λ
one obtains smaller
and smaller values for k¯f . One can identify the reduced temperature as t ∼ g¯4Λ− g¯∗4Λ
if the other UV values of the couplings are kept fixed. Fig. 2 demonstrates how the
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scale k¯f of the singularity changes as t→ 0, the other couplings show qualitatively
similar pictures. The critical UV value g¯∗
4Λ
can be got by the well-known trick, where
one should fine tune its value on the log-log plot of the t, ξ plane till one obtains a
straight line there. The negative slope of the line provides us the exponent ν.
We determined the exponent ν in the vicinity of the IR fixed point by increasing
the number n in the lowest order of the gradient expansion first, i.e. in the local
potential approximation (LPA), when Zk = 1. It was shown that ν at the WF fixed
point is ν ≈ 0.53 (ν ≈ 0.64) for n=2 (n=4), respectively 14,15. We also investigated
the scheme-dependence of the results by choosing different values of b. The LPA
results can be seen in the inset of Fig. 1 for n = 2 and n = 4 couplings, which shows
the coincidence of the exponents calculated from the data around the WF and the
IR points, and demonstrates that one can determine the value ν in the IR, too. We
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Fig. 1. The phase structure of the 3d O(1) model is presented. The thick curve shows the separa-
trix. The trajectories tending to the right (left) correspond to the symmetric (symmetry broken)
phase, respectively. The fixed points are also shown. The scaling of the correlation length as the
function of the reduced temperature t is plotted in the inset. The points are obtained from the
scaling around the IR fixed point, while the solid lines represent the scaling around the WF fixed
point, i.e. ν = 0.53 (LPA), ν = 0.64 (LPA), and ν = 0.62 (including the flow of Zk) for n = 2,
n = 4, and n = 8, respectively. The curves are shifted for better visibility. The circle and square
correspond to b = 2, 5, respectively.
numerically determined the exponent ν for n = 8 couplings beyond LPA from data
around the WF and the IR points, which, similarly to the LPA results, shows high
coincidence, as is demonstrated in the inset of Fig. 1. The numerical results also
show that the wavefunction renormalization constant z blows up in the vicinity of
the degeneracy as the function of k¯, see Fig. 2. The blowup of z appears at k¯f in
the broken symmetric phase with all of the other couplings, while in the symmetric
phase z goes to a constant value, giving LPA evolution in the IR. The flow of z
denoted by dotted line in Fig. 2 correspond to the flow along the separatrix in Fig. 1.
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Fig. 2. The scaling of the z for n = 8 and b = 2 for several UV values of g4Λ. The dotted line
corresponds to the flow along the separatrix. In the deep IR regime the flows blow up in the broken
symmetric phase, while they run into constant values in the symmetric one.
Its slope gives the known, tiny anomalous dimension η = −d log z/d log k ≈ 0.05
belonging to the WF fixed point. The flows in the vicinity of the WF fixed point
pick up the effects coming from the fluctuations affected by the WF fixed point and
bring them to the IR fixed point. There the anomalous dimension is extremely high
(and scheme dependent), but the exponent ν must not change, since it characterizes
the global condensate of the broken phase throughout the flow from the UV till the
IR.
4. Periodic model
The 2d SG model is defined via the effective action in Eq. (4) with the potential of
the form
Vk = u cosϕ. (10)
The higher harmonics of the SG model are neglected. They correspond to vortices
with higher vorticity of the equivalent gas of topological excitations. It is known
that only the fundamental mode plays a significant role in the determination of the
thermodynamic properties of the model, while effects corresponding to higher vor-
ticity are negligible. We also note that the fundamental mode can recover the phase
structure of the model including the KT transition point 24 and the IR behavior 11.
Furthermore the wavefunction renormalization constant z can account for the KT
transition 11,21,22,23, therefore we omit further terms in Zk. In the LPA approxima-
tion, the RG treatment of the SG model in the IR shows two phases separated by
the Coleman point at the value of parameter z∗ = 1/8pi 25. The flows with z > 1/8pi
(z < 1/8pi) correspond to evolutions in the broken symmetric (symmetric) phase,
respectively. The dynamical momentum scale turns up in the broken symmetric
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phase, where the evolution of the normalized coupling u¯ = u/k¯2 becomes marginal
26,27,28,29,30. Identifying this scale as the reciprocal of the correlation length we ob-
tain ν = 1. The same universal effective potential V˜0 = −ϕ2/2 appears when z →∞
as in the case of the 3d O(1) model. The Coleman point becomes the KT transition
point 11,24 if Zk evolves. Furthermore an additional IR fixed point turns up that
can be transformed to the unique point at u¯ = 1 and 1/z → 0 when the normalized
coupling u¯ is made of use 11. Then any choice of b gives qualitatively similar phase
diagrams. We plotted the case b = 5 in Fig. 3. The normalized coupling u¯ tends
 0
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1/8piz
10
100
 0.01  0.1
lo
gξ
t
Fig. 3. Phase diagram of the SG model, with b = 5. The dashed (solid) lines represent the
trajectories belonging to the (broken) symmetric phase, respectively. The wide line denotes the
separatrix between the phases. The inset shows the scaling of the correlation length as the function
of the reduced temperature t. The curves are shifted for better visibility. The lower (upper) set
of lines corresponds to the IR (KT) fixed point. The triangle, circle and square correspond to
b = 2, 5, 10, respectively. In the middle a straight line with the slope −1/2 is drawn to guide the
eye.
to 1 for every value of b. It shows that the degenerate potential (which satisfies
Eq. (5)) occurs in the IR limit of the broken symmetric phase independently of the
RG scheme. This reflects the serious limitation of the LPA results. In the symmetric
phase the evolution of z is negligible giving the same evolution as was obtained in
LPA with the line of fixed points.
One can easily show that the critical exponent ηv characterizing the vortex-
vortex correlation function 51 is ηv = 1/4 independently of the parameter b
11.
However the anomalous dimension being characteristic for the divergence of the
correlation function of the field variables gives η = 0 in the vicinity of the KT
point. In the deep IR scaling region the situation changes significantly, there new
scaling laws appear. Fig. 4 shows that around the KT point (at about k/λ ∼ 10−4)
z is practically constant, giving η = 0, while in the IR region z diverges with the
exponent η = 2b/(b − 1), giving scheme-dependent η values in the IR. It implies
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that one cannot avoid the evolution of z by including a phase factor z = kη in the
LPA evolution equations. The scale k¯ makes the evolution of u and z qualitatively
10-2
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101
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104
10-10 10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1 100
z
k/Λ
 0
 1
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η(b
-1)
/2b
k/Λ
b=2
b=5
b=10
Fig. 4. The evolution of z for different values of b. The inset demonstrates that η = 2b/(b− 1) in
the deep IR region.
scheme-independent. The value of the wavefunction renormalization z blows up at
a certain minimal value of k¯ in the broken symmetric phase, similarly to the 3d
O(1) model. Likewise, the IR fixed point of the broken symmetric phase is reached
at k = 0, but a new scaling behavior appears at some finite dynamical scale k¯f .
The initial UV value of zΛ can be identified with the square of the temperature,
thus its distance from the separatrix (for fixed uΛ) gives the reduced temperature t.
As t→ 0 the correlation length increases as in the case of the 3d O(1) model. Our
numerical results are shown in the inset of Fig. 3. There are two types of correlation
lengths, one is defined as usual, namely at around the KT turning point of the
coupling u¯. Another one is identified as ξ = 1/k¯f in the neighborhood of the IR
fixed point. It can be seen from the inset of Fig. 3 that the scaling of ξ shows an
infinite order phase transition, for all schemes with the exponent ν ≈ 0.5.
5. Conclusions
The renormalization group treatment is performed for the 3d O(1) and the 2d sine-
Gordon models, and it was shown that their broken symmetric phase possesses an
IR fixed point, that generates a new scaling regime there. The critical exponent ν
of the correlation length ξ is determined in its vicinity and it was found that it
equals to that one obtained in the crossover regime at the WF and KT fixed points,
respectively. The IR fixed point is the signal of spontaneous symmetry breaking
in both the polynomial and the periodic models, while the WF and KT points
are crossover fixed points, although they are closely related to the IR one. The
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dependence of the correlation length ξ on the reduced temperature has already
been picked up by the RG trajectory in the crossover regime and is carried by it to
the IR fixed point. In that sense there is an interplay between the IR and crossover
points. The IR fixed point should recover all the information on the correlation
length, implying the information on the type of the phase transition, since it should
characterize the global condensate appearing in the broken symmetric phase. The
value of the anomalous dimension η differs when calculated in the crossover and
in the IR regimes. The models investigated by us gave large anomalous dimension
in the IR limit. This might reflect the loss of locality in the low energy broken
symmetric phase due to the appearing global condensate and suggests that one
should take into account higher order terms in the gradient expansion.
On the one hand, the determination of the correlation length ξ from the scaling
in the deep IR regime is also powerful and can provide us the value of ν when we
have no crossover scalings. In the case of the bi-layer SG (LSG) model 40,41,42,43 one
can easily show that the model has no crossover fixed point because of the evolution
of the interlayer coupling. However, the detailed RG investigations performed by us
have shown that there is an attractive IR fixed point of the LSG model with the
appearing dynamical scale k¯f as in the 2d SG model, and gives the same KT type
phase transition with exponent ν ≈ 0.57 52, proving the infinite nature of the phase
transition there.
On the other hand, this method makes easy to determine numerically the value
of ν, since one should only fine tune the UV value of a single coupling. As opposed
to the general treatment there is no need to have information on the place of the
fixed point, which is difficult to find numerically, especially if the dimension of the
phase space is large. Finally we notice, that this method is capable of characterizing
the IR fixed point and can uncover the IR physics of scalar models by taking into
account a few terms in the expansion of the potential and the wavefunction renor-
malization, although there are much reliable treatments available nowadays, based
on considering the Wetterich equation without any expansion for them. However
there are several cases where the more involved treatments cannot be applied, e.g.
in the case of quantum gravity 53,54,55,56,57,58, where the flow equations of only a
few couplings can be obtained. By using this method one can easily describe its IR
physics, and find the existing IR fixed point there.
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